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Spinor helicity (Chinese Magic)
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CSW parity violated?
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Status July 2006

# Status of six-gluon amplitude — progress by a lot of young people

# analytic computation of one-loop corrections Bedford, Berger, Bern,
Bidder, Bjerrum-Bohr, Brandhuber, Britto, Buchbinder, Cachazo, Dixon, Dunbar, Feng,
Forde, Kosower, Mastrolia, Perkins, Spence, Travaglini, Xiao, Yang, Zhu
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# Numerical evaluation Ellis, Giele, Zanderighi ‘06

Sven-Olaf Moch Recent developments in QCD at NLO — p.15
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Why it is difficult?
Too many kinematic variables (8 for 5 particles with 3 mass
and 9 for 6 gluons).

Gauge invariance leads to mutual cancellation.

I _/de (€1,p)(€2,p — k1) -+~ (€n, p + kn)
' p2(p—Fk1)?- - (p+ kn)?

Dimension 4 quantity:

Numerator: homogenous degree m + 4

Denominator: homogeneous degree m

Tensor reduction: very complicated intermediate expres-

sions. For n =6, m ~ 507. The Gram determinant.



The Gram determinant or things as such

Ag = —s35017 — totst] + 2s3s6totst]
-+ 28285t2t3t1 — 281838486t2t1 -+ 28184t3t3t1
—  28983S5Sgl3l] — 5134152 5255752

—+ 4818283848586 — 2818254S5t2t3

Something like: .

NGNS
But this can be improved: A — /A.




What is the rational part?

The final form of one-loop amplitude is:
A, = Zcm(e k; D) 171
+ZCgZ€]€D _'_ZCQZEkD []

Expanding in ¢ (D =4 — 2¢) gives:

Ag = 2642(6164 +ZCBZ€k4 []

+ chz €, k;4)1 )[ 1] + (Rational part) + O(e).



How to compute the cut-constructible part?

Purpose: to determine all the rational coefficients

Cn,'i(€7 k? D) ’D:4

MHY and Twistor
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文本框
割线可构部分的计算


4, ( )

try and error, check by numerical computation of Feyn-

man diagrams (BDK, obsolete)

D-dimensional unitarity (BDDK, Brandhuber-McNamara-
Spence-Travaglini, hep-th /0506068 up to A;(172737475™))

bootstrap recursive (inspired from tree recursive relation
of BCFW) (Bern-Dixon-Kosower)

directly computing Feynman diagrams, keeping only term
contributing to rational part. Quite old-fashion but with

tricks from string theory. (Xiao-Yang-Zhu)
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文本框
4. 有理(割线不可构)部分的计算


Why it is feasible to compute the rational part
directly from Feynman integral?

The Bern-Dunbar-Dixon-Kosower theorem:

D - d"p f(p)
]m[f(p)] — / i D/2 p2(p — K1) (p_l_Km)Qa

The rational part is 0 if f(p) is a polynomial function of the

internal momentum p of degree m —2 or less. For phenomeno-
logically interesting models and by choosing a suitable gauge,
the degree of f(p) is always not greater than m.

Our strategy: do calculation while keeping only the leading

and sub-leading polynomial terms in p.



Feynman diagrams and Feynman rules (I): Trees
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Feynman diagrams and Feynman rules (II): Tree to loop
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Deriving the rational part (I): Feynman parametrization

By using Feynman parametrization we have

IP[1] = / d”p L
N T TR R
1 - . a
= (=1)"I'(n—D/2) /d"a o0 =2 azl)j,
(a-S-a)" 2
where )
Ko a-S-a:ZaiajSi-

1,7=1

p+ K,

K, p K,,
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(0 k2 (ki+ko)? - (kithot- k1))

x 0 k% (kg—l—]{g—‘r"'kn_l)z
1
S == :
2
%k * 0 ki—1

\ * # % % 0 )

An n X n symmetric matrix of external kinematic variables.



Deriving the rational part (II): recursive relations

Pla(@)a] = o (n—1—1- D)% IP"[g(a)
b S I )] + 5 3 S I 0 (0),
Plaif@] = Py (IPD1f ()] + 1220, f(@)]) + 1 1P [f(0)]
Vi = Zsi}la A:Z%ﬁ
1 1 Vi
Py = & (- )



Deriving the rational part (III): the bubble integral

Bubble integrals:
2wl = [ ) Em
2 WEE i pr (p+ K2 \EJ/

K is the sum of momenta of consecutive external gluons

on one side of the bubble diagram. For K? # (0 we have
(D =4 — 2¢):

B = g (CK
] = 120
et = fla3] = =g 1M
:-ﬁﬂu+i+0m.


zhucj
图章


Deriving the rational part (IV): higher dim. scalar integral

1 7D
]7?+2[1] _ (n — D) X 2[D ZVJ (J)

Rational part arises because [” is dlvergent and the pre-

factor depends on D =4 — 2e.

D+27117 K2 D+2 1 D2 D+2

]2 _1_ — _, [3 [1] — _, ]4 [1] ] [CLZ] — O,
N 1 1 1 1 5

JPHM] = Zx 24 - x2x ==

b 3 X9 TR XeXg T g

[P = IPPa] = 19 [a;a5) = I27H1) = I3 a;] = 0,
N 1 5 1 1 13

P01 = = — S X2X - =

1718 2 6 144



Deriving the rational part (V): Triangle integral

D _ d”p  (e,p) (e2,p)
15 (61,62) — _/,L'ﬂ.D/Z (p kl) (p—I-K3)2
= cut part — 25((2 kit )) (€1, k1) (€2, k1) — % (€1, €2)
— ((en, k) (€2, k) + (61, k) (€2, K2) + (61, K3) (€2, k1))
2 (K3 — K3) |
]f’R(el, 62) = — (621&[((222)_(6[2(’,51) — % (61, 62), (61, /€1) = 0,
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]3(67;)

/ de (elap) (627p o kl) (637]))
P2 p2 (p—k1)? (p + K3)?

1

_ %((62,4KQ — Tky) (€1, €3) — (2 = 3) + 4(e1, K2) (e2, 63))

(K2 + K2)
-z (K2 K2)? (€1, K3) (€9, k1) (€3, k1)
(€1, K2) ((€2, k1) (€3, K3) — (€2, Ka) (€3, k1))
6 (K35 — K3)
(K3 + K3)

T @g- Ky Lo Rl a) e k)

Very complicated Feynman-like rules. And indeed the 3

mass triangle is much more complicated.



: ) dﬂp (Ela )(EQ,P K1] (Eg,f.]'|'K3) ‘|‘(1'53='51] (€2, o — Kl))
3(615 EQ;EE) = [iﬂ'ﬂﬁ 2(p Kl] (p+ KS] | T A ((61, Eg) (633 Kg Rt Kg) 81(82 -+ 83 — 31)
= ‘Fﬂ(31 99, 33]((61;K1) [Ez K1] (EB;KE) aaf \on, Ky~ Kshoalpgf o1 ma
‘|‘(E3,61: (62? Kg — Kﬂ 33(31 -+ 89 — 53))
et Ka) e, Kol ey, Ko) 4 (61, Ko) e Ko) e Ky ]
Hew Ko (e Ko e, Ko) - (e Ky (e, Ko 63 ) g (el k) - st n-a

; +(€a, €3) (€1, Ko) (81— 83) (83 + 81 — 8,
Z(EhK) (Eg K) [Eg,K)F[Sh 32:33) _@ "(63;61: (62, K3) (82 — 51: (51 §9 — 33:):
=

L

- —((31 -89 83) €, K (eo, Ko 63, K 10518383 | (814 82+ 83)

Qﬂ FU(51:$2:$3) = 3A2 T 6A !
+sy- 83 51) (e, K1) (6, ) (3, K Fy(s1,50,50) = 5 (81 + 89— 83) 8283 I (31—53)?
A2 3A
T (83 =] = 32] (El: K3) [Eﬂj Kﬁ] (53:K3)) J (32 83— 31) 5351 (32 _ 31)
Fy(s1,89,83) = 3 — -
7 2821)92,93 3A2 I IA
i % ((EIJEQ) (Eg,Kg - Kﬂ) - [EEJ E3) [Eh Kl = Kg) F, (31: - 33) _ 0 (33 s S?)IA—2 52) 5159 | (833;52) |

A st + 55+ 53 — 2(51 82+ 8383 + 83 51)
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Deriving the rational part (VI): 2 mass easy box integral
The basic strategy: decomposition into simple ones (equiv-
alent to tensor reduction)

For 2 mass easy box with ¢, = 7715\1 and e; = 7735\3, we have:

1 3 ~ ~
If’R(Eh €2, €3, 64) — <771<1>3<>7723 > If’R()%)\l, €2, A1 A3, 64)
3 1
T <771<1>3<>7723 > ]f,R(k17€27k37647)
+<771 3) 7D.R (n3 1) 7D.R

4 (k17€27€3764)+ 4 (617627k37€4)'
(13) (31)
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K22 + S (
6(K22 — 5)2
K;+t
G(Kj% _ t)2 (617 K4)(€27 kl)(€4, kl)

1 [K2+s K2+t
- K22 _;_Ki%_t ((€1,€2)(€q, k1) + (€1, €4) (€2, k1)

If,R<€17 €2, k37 €4> —

€1, K2><€27 kl)(€47 kl)

_|_

+ GEQ’ Ki) (€2, k1) (€4, k3) + 62;1(;?1) (€2, 3)(€a, k)
+ 1((61, 62) €4 + (61, 64) €y + (627 64) €1, kS)

where s = (k) + K,)* and ¢ = (K, + k3)?. Invariant under the
interchange 2 < 4 (s < t).



By setting ¢; = k| we get

If’R(kla €2, k37 64)
1

a 1_8(2(k1, k3) (€2, €4) — ((€2, k1)(€a, k) + (€2, k3)(€a, k1))).

One more:

~ ~ 4
If’R()\?))\l; €2, )\1)\3, 64) — 5 ((62, kl)(€4, k3) + (627 k3)(€4, kl))

5 1 [ K2+s K2+t
— (k. Kk =22 4 k k
ot n)(ened) — § (b + g ) (eah)Cenk)

1 [/ K2+t K?
(  + ”S) (62, ks ) (ea, Ks).

4 K22—t+Kf—s




Deriving the rational part (VII): 2 mass hard box integral
L™ (e, €2, 63, €4; 03, 1)
= 14[(*51:1:’)(&:;11 ki1)((&,p+ Ki) + c3)((€x, p+ Ks) + c4)]
_/ Bﬁ (e1,0)(€2,p — k1)((€3,p+ Ky) + ¢3)((€s, p+ Ky) + ¢4)
I

™

-+

_|_

+ 4+ + +

_|_

where

7 (p—Fk1)* (p — ka2)* (p + Ko)? ’

Alﬁl:m}'ﬂ: €3.€4,C3, '[14)

1 1} _ ) _
(2| K51 [ ~ 8 (n2|ka K3k1|h) (€3, €1) —t {(m22) 71 1] Ifm“()il)ﬂjea’q)

t(lkalin] B (es,e0) + (m2) 1 1] (5((1lesl2] e+ (1]eal2] )

1
+7g(

(2 2) [Th 2] ((e3, k12) (€4, k12) — 2 812 (€3, €4))

(n2|(k2 + K3)|7h]((€3, k2 + K3) (€4, k2 + K3) — 2t (€3, €))

T2 ew b4 Teal?) e, The s Zhak 91{4))

| ool = T

o Il ] (e, K6) e, K) — 2K (6, 60)
ARSI I35, e, )

I3 (1hA2, (cs — (€3, K3))es + (s + (&, Ky + k1))e3))
LM™v, e, 6a)+ IM(v,(a — (6, K3))a + ae),

(| Ka|1] (3™ (A, €3, €4)

B (M, (s — (€3, k2 + Ks))ex + (s + (&4, Ki))es))]

v = (1| Ka |l A + (12| K3 |2] Aot — (K2, K3) 27 -
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The rational part (VIII): Pentagon, hexagon and higher point
Basic method: tensor reduction
For 2737, 5 = )\35\2 and ¢; = )\25\3, we have

(62,]?)(63,2? - k2) n (62372?) - (62, E3)/2

P*(p — k2)?(p — kas3)?) P*(p — kas3)?
1 1/2 1/2

+ + .
(P - k2)2 p2 (p — k‘23)2

2
1

For 273747, much more complicated.
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MHV: Ag(172737475767)
Total of 51 diagrams. Can be classified into the following

10 sets. Computed them in sets.
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results for 7 sets (31 diagrams) are:
1 1
= —% 8345(6345, 6612), Rg(l) — _1_8 5123(61237 6456)7
1
— —= 512 (612, 63456)7
9
1 1
= 3 So3 (€45, €61) + (€4, €561) + (€456, €1)) — o S23(€4561, K2),
1 1
— e (61’ kQ) (64, le) —|_ _(617 k612) (647 k345>
36 2
1 1
=+ 1(61, k123) (€4, k456)> + 5(4312 — 28345 — s123) (€1, €4),
1 1
= 13 (€1, ko) (€456, k3) + 13 (2512 — 5123 — 3523) (€1, €456),
1
= o (€45, k3) (€61, k2) + 36 (28345 — S45 — S61 — 3523) (€45, €61)-



Ry

The pure rational part is

= l{EB:-E'ij (€2, €581 ) — ]l{{frnf—m]' + (€sa, €1)) (€2, €34)

4
1
Eﬂm{ B-LE-J-E-IE] = ESIEE[EIE,EMJ = a-‘?l! |:'Elz1f3-!l.l'-l5_:| 3 3_15{?{1,_31%]{&&1,#2] = ?{E31 Eﬁljifm,kﬂ _‘1{5315:.531]{521&:61”
1 -
Esm {{EHJEEI:I g {.EJJEE'BI:I ¥ EE&EB:‘EI}} E ]2 SES{EJ-SEh k:} - %{Eﬁ El]{EI;.E.H.E-} T %{{531 'EdE} i {EM,EE}}EEE;.E'EIJ
1
35 ({El’kﬂ {E'l kiz) + {El’kﬁ”] I:E”’“ Faas) Ly —{2{531 ]'['El ka) — -3{5311‘-1]{'5315& kz) — 2{eq45e, fl]{fhkl}}
1 1
Effl’kuﬂ {q*hmj) i ﬁidsu ~ 253 — s1m) (@1, €a) - %l[{lrzsi €is6) + (€345, €8) + (€34, €z8)) |(€2,€1) — (ea, hs};{:!: 2)
1 |
5 4 — 2 - —3 O
13 '{El;. 2] {Ed.sﬂ kﬂ] 118{ L8117 — 3128 .5‘23} KE: Ea.-.a]' 3 E,: {El-. -ii?zzll:fz,h]{fnm,kﬂ + I:E1,-kﬂ{Em; ,ii;zj é %
T (€45, ka) (€a1, k2) + = (28345 — Sas — Sa1 — 3523) (€45, €1) . -
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(Compact) formula for rational part of tensor

box integral — 3m and 4m cases

]D _/ de Hgl(eiap)
4m —

imP/2 p2(p+ K1)%(p + K3)2(p + K3)?

Kl,g,g and K = €uvpo K1VK2PK§. detKZ . Kj X K2.
Expanding ¢; in terms of K; and K:

3
€, — Z&ij Kj -+ CiK
7=1

(Ki,p) = (p+ K;)* —p* — K?



An example: linear box integral

]D / de (E,p)
4,1 — .

1P p?(p+ K1) (p + K2)* (p + K3)?

3
= (= Y wK?) 1 +Z IPON] — (@ + ay + az) PO

=1
We note:

—Zasz 5 ((e.p) + ()

with p? =0 and (p+ K;)*=0. (K,p") = —(K,p™)
(Quadruple cuts to compute box coefficients: BCF, hep-
th/0412103).
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1
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/de (K,p)*
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= 7 (P L] = 5 x = (K7)°,



Compact formula for triangle integral?

[D / de HZl(eiap)
3m

imP2 p?(p+ K1)%(p + K3)?

Expanding ¢, in terms of:

K17 K27 la l_7



An example: linear triangle integral

17y = —(a K7+ axK3) P[] = (a1 + az) I[1]
tay I,V + ap 1P [1],

by expanding € = a1 K1 + as Ky + ¢l + cl.
See recent paper: G. Ossola, C. Papadopoulos and R. Pit-
tau, hep-ph/0609007, eq. (2.4).



.

e Seems feasible for n = 7,6,---: both cut-part (triangle

and bubble coefficients) and rational part

— high-point tensor integrals: direct reduction by in-
serting “spinor-string” (BDK 98) and keeping only
n,n—1,n—2 and n — 3 tensors (BDDK theorem)

— box and triangle integrals: red. by expanding ¢;.

(See also: Binoth et. al., hep-th/0609054)

e Attacking the wish lists.
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What needs to be done at NLO?

Experimenters to theorists:

“Please calculate the following at NLO”

Run Il Monte Carlo Workshop, April 2001

Single boson

Diboson

Triboson Heavy flavour

W+ <57
W+bb+ <33
W+ecc+ <33
Z+ <35y

Z +bb+ < 3§
Z+cc+ <35
v+ <5)

v+ bbb+ < 33
V4 e+ < 33

WW +bb+ < 3y
WW +ecc+ <3y
Z7 + < 5j
2L+ bb+ < 37
2L +cec+ <37
1y + < 5j

vy 4+ bbb+ < 33
vy +cc+ < 33
WZ+ <57

WZ +bb+ < 3;
WZ+ce+ < 3j
W+ <3y
Zy+<3j

WWW + < 3j
WWW +bb+ < 3j

tt + < 3j
tt+ +<2j
o+ W+ < 2

Zyy + < 3j tt+ Z + < 2j
WZZ+ < 3j it + H + < 2j
ZZZ + < 3j th + < 2j

bb + < 33

Theorists to experimenters:

“In your dreams”




More Realistic Experimenter’s Wish List

Les Houches 2005

process background to

(V e{Z. Wb

1. pp — V V jet ttH . new physics

2. pp — H + 2jets H production by vector boson tusion (VBF)
3. pp — ttbb ttH

4. pp — tt + 2jets ttH

5.pp— V' Vb VBF— H — V'V _ttH, new physics

6. pp— V'V +2jets | VBF— H —- VV

7. pp — V + 3jets various new physics signatures

8.pp— VVV SUSY trilepton

Bold action is required even for this
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