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1. 1. 引言引言: NLO: NLO计算的重要性计算的重要性

1. 实验要求更高精度的计算: LHC和ILC;
2. 场论计算的困难;

3. 场论中的方法: 色分解, spinor helicity, 递
推关系, SUSY关系, string-inspired 方法
( Bern-Kosower规则)

4. 最近的发展(2003年12月开始)



色色 分分 解解

树图：树图：

单圈：单圈：



SpinorSpinor helicityhelicity (Chinese Magic)(Chinese Magic)



递推关系递推关系

MHVMHV振幅振幅::



Bern-Kosower 规则



2. 2. WittenWitten’’ss TST TST 和和CSWCSW理论理论

TwistorTwistor 空间：空间：

类光矢量的旋量形式类光矢量的旋量形式 可以写成一对旋量可以写成一对旋量
乘积的形式乘积的形式 ；；

作一半的傅立叶变换作一半的傅立叶变换:   :   

TwistorTwistor 空间坐标：空间坐标：



TST TST 和和 TwistorTwistor 空间的振幅性质空间的振幅性质

一个包括一个包括pp个个 正正helicity胶子q个负helicity胶
子的l圈振幅,必然仅在twistor空间的一条全
纯曲线上不为0, 这个曲线的阶是：d=q-1+ l  ,
亏格不大于 l .

复直线



CSW 理论

对树图近似, 这条全纯曲线可用多条简单的
直线(阶为1,亏格为0)来代替.上不为0, 这个
曲线的阶是：d=q-1+ l  ,亏格不大于 l .



CSW 理论计算规则
1.1. 将将MHVMHV顶角作顶角作offoff--shell continuation, shell continuation, 得到

MHV 顶角；

2.2. 画出所有将画出所有将MHVMHV顶角用传播子联系起来的顶角用传播子联系起来的
树图树图, , 即即MHVMHV图；图；

3.3. 含含vv＋１个负＋１个负helicityhelicity外线胶子的振幅的外线胶子的振幅的MHV MHV 
图的顶角个数为图的顶角个数为vv；；外线分布在顶角上，要外线分布在顶角上，要
保持外线顺序。保持外线顺序。

4.4. 传播子传播子 1/p^21/p^2；；
5.5. 将符合条件的所有图加起来就得到了树图振将符合条件的所有图加起来就得到了树图振

幅。幅。



CSW parity violated?

CSWCSW理论提出后理论提出后,,一个简单的计算证明了一个简单的计算证明了
CSWCSW是是parity conserved. parity conserved. 



含费米子的含费米子的CSW 理论

含费米子的含费米子的MHVMHV图需要增加两种费米图需要增加两种费米MHVMHV顶角顶角



3. BCFW BCFW 递推关系和割线可构部分的计算递推关系和割线可构部分的计算

BCFWBCFW递推关系：递推关系：

•这里 和

为低点的振幅，从而构成
了递推关系;
•对传播子helicity 求和；
•K 代表n个胶子在两个树
上的分配;
•Shifted 动量仍然
massless;
•这里的低点振幅是on 
shell 的物理的振幅。前面
场论递推关系中低点量off 
–shell  且规范依赖。



Status July 2006

Status of six-gluon amplitude – progress by a lot of young people
analytic computation of one-loop corrections Bedford, Berger, Bern,

Bidder, Bjerrum-Bohr, Brandhuber, Britto, Buchbinder, Cachazo, Dixon, Dunbar, Feng,

Forde, Kosower, Mastrolia, Perkins, Spence, Travaglini, Xiao, Yang, Zhu

Amplitude N =4 N =1 N =0 N =0

cut rat

−− + + ++ BDDK ‘94 BDDK ‘94 BDDK ‘94 BDK ‘94

− + − + ++ BDDK ‘94 BDDK ‘94 BBST ‘04 BBDFK ‘06 XYZ ‘06

− + + − ++ BDDK ‘94 BDDK ‘94 BBST ‘04 BBDFK ‘06 XYZ ‘06

−−− + ++ BDDK ‘94 BBDD ‘04 BBDI ‘05 BFM ‘06 BBDFK ‘06

−− + − ++ BDDK ‘94 BBDP ‘05 BBCF ‘05 BFM ‘06 XYZ ‘06

− + − + −+ BDDK ‘94 BBDP ‘05 BBCF ‘05 BFM ‘06 XYZ ‘06

Numerical evaluation Ellis, Giele, Zanderighi ‘06

Sven-Olaf Moch Recent developments in QCD at NLO – p.15

http://arxiv.org/hep-ph/9403226
http://arxiv.org/hep-ph/9409265
http://arxiv.org/hep-ph/9409265
http://arxiv.org/hep-ph/0507005
http://arxiv.org/hep-ph/9403226
http://arxiv.org/hep-ph/9409265
http://arxiv.org/hep-th/0412108
http://arxiv.org/hep-ph/0607014
http://arxiv.org/hep-ph/0607017
http://arxiv.org/hep-ph/9403226
http://arxiv.org/hep-ph/9409265
http://arxiv.org/hep-th/0412108
http://arxiv.org/hep-ph/0607014
http://arxiv.org/hep-ph/0607017
http://arxiv.org/hep-ph/9409265
http://arxiv.org/hep-th/0410296
http://arxiv.org/hep-ph/0507019
http://arxiv.org/hep-ph/0602187
http://arxiv.org/hep-ph/0604195
http://arxiv.org/hep-ph/9409265
http://arxiv.org/hep-th/0502028
http://arxiv.org/hep-ph/0503132
http://arxiv.org/hep-ph/0602187
http://arxiv.org/hep-ph/0607017
http://arxiv.org/hep-ph/9409265
http://arxiv.org/hep-th/0502028
http://arxiv.org/hep-ph/0503132
http://arxiv.org/hep-ph/0602187
http://arxiv.org/hep-ph/0607017
http://arxiv.org/hep-ph/0602185
http://www-zeuthen.desy.de/~moch


Why it is difficult?

Too many kinematic variables (8 for 5 particles with 3 mass

and 9 for 6 gluons).

Gauge invariance leads to mutual cancellation.

In =

∫
dDp

(ε1, p)(ε2, p− k1) · · · (εn, p + kn)

p2(p− k1)2 · · · (p + kn)2

Dimension 4 quantity:

Numerator: homogenous degree m + 4

Denominator: homogeneous degree m

Tensor reduction: very complicated intermediate expres-

sions. For n = 6, m ∼ 50?. The Gram determinant.



The Gram determinant or things as such

∆6 = −s2
3s

2
6t

2
1 − t22t

2
3t

2
1 + 2s3s6t2t3t

2
1

+ 2s2s5t2t
2
3t1 − 2s1s3s4s6t2t1 + 2s1s4t

2
2t3t1

− 2s2s3s5s6t3t1 − s2
1s

2
4t

2
2 − s2

2s
2
5t

2
3

+ 4s1s2s3s4s5s6 − 2s1s2s4s5t2t3

Something like:
1

∆n1
6 ∆n2

5 · · ·

But this can be improved: ∆ →
√

∆.



What is the rational part?

The final form of one-loop amplitude is:

Ag =
∑

i

c4,i(ε, k; D) I
D(i)
4 [1]

+
∑

i

c3,i(ε, k; D) I
D(i)
3 [1] +

∑
i

c2,i(ε, k; D) I
D(i)
2 [1].

Expanding in ε (D = 4− 2ε) gives:

Ag =
∑

i

c4,i(ε, k; 4) I
D(i)
4 [1] +

∑
i

c3,i(ε, k; 4) I
D(i)
3 [1]

+
∑

i

c2,i(ε, k; 4) I
D(i)
2 [1] + (Rational part) + O(ε).



How to compute the cut-constructible part?

Purpose: to determine all the rational coefficients

cn,i(ε, k; D)|D=4

MHV and Twistor

zhucj
文本框
割线可构部分的计算



How to compute the rational part?

• try and error, check by numerical computation of Feyn-

man diagrams (BDK, obsolete)

• D-dimensional unitarity (BDDK, Brandhuber-McNamara-

Spence-Travaglini, hep-th/0506068 up to A5(1
+2+3+4+5+))

• bootstrap recursive (inspired from tree recursive relation

of BCFW) (Bern-Dixon-Kosower)

• directly computing Feynman diagrams, keeping only term

contributing to rational part. Quite old-fashion but with

tricks from string theory. (Xiao-Yang-Zhu)

zhucj
文本框
4. 有理(割线不可构)部分的计算



Why it is feasible to compute the rational part

directly from Feynman integral?

The Bern-Dunbar-Dixon-Kosower theorem:

ID
m [f(p)] =

∫
dDp

i πD/2

f(p)

p2(p−K1)2 · · · (p + Km)2
,

The rational part is 0 if f(p) is a polynomial function of the

internal momentum p of degree m−2 or less. For phenomeno-

logically interesting models and by choosing a suitable gauge,

the degree of f(p) is always not greater than m.

Our strategy: do calculation while keeping only the leading

and sub-leading polynomial terms in p.



Feynman diagrams and Feynman rules (I): Trees

εi(i+1) = P (εi, ki; εi+1, ki+1) ≡
1

(ki + ki+1)2

(
(εi, ki+1) εi+1

− (εi+1, ki) εi +
1

2
(εi, εi+1) (ki − ki+1)

)
,

εi(i+1)(i+2) = P (εi(i+1), ki(i+1); εi+2, ki+2) + P (εi, ki; ε(i+1)(i+2), k(i+1)(i+2))

+
1

si(i+1)(i+2)

(
(εi, εi+2) εi+1 −

1

2
(εi, εi+1) εi+2 −

1

2
(εi+1, εi+2) εi

)

zhucj
图章

zhucj
图章



Feynman diagrams and Feynman rules (II): Tree to loop

Pi(p) = (εi, p) = (εi, p− ki),

Pi(i+1)(p) = (εi(i+1), p)− 1

2
(εi, εi+1),

Pi(i+1)(i+2)(p) = (εi(i+1)(i+2), p)− 1

2
((εi(i+1), εi+2) + (εi, ε(i+1)(i+2)))

zhucj
图章



Deriving the rational part (I): Feynman parametrization

By using Feynman parametrization we have

ID
n [1] ≡

∫
dDp

iπD/2

1

p2(p− k1)2 · · · (p + kn)2

= (−1)n Γ(n−D/2)

∫
dna

δ(1−
∑

i ai)

(a · S · a)n−D
2

,

where

a · S · a =
n∑

i,j=1

ai aj Sij

zhucj
图章



S = −1

2



0 k2
1 (k1 + k2)

2 · · · (k1 + k2 + · · · kn−1)
2

∗ 0 k2
2 · · · (k2 + k3 + · · · kn−1)

2

...
...

...
...

...

∗ ∗ ∗ 0 k2
n−1

∗ ∗ ∗ ∗ 0


An n× n symmetric matrix of external kinematic variables.



Deriving the rational part (II): recursive relations

ID
n [gl(a) ai] =

1

2
(n− 1− l −D) γi I

D+2
n [gl(a)]

+
1

2

∑
j

S−1
ij I

D(j)
n−1 [gl(a)] +

1

2

∑
j

S−1
ij ID+2

n [∂jgl(a)],

ID
n [aif(a)] = Pij

(
ID(j)
n [f(a)] + ID+2

n [∂jf(a)]
)

+
γi

∆
ID
n [f(a)],

γi =
∑

j

S−1
ij , ∆ =

∑
i

γi,

Pij =
1

2

(
S−1

ij − γi γj

∆

)
.



Deriving the rational part (III): the bubble integral

Bubble integrals:

ID
2 [f(p)] ≡

∫
dDp

i(π)D/2

f(p)

p2 (p + K)2
.

K is the sum of momenta of consecutive external gluons

on one side of the bubble diagram. For K2 6= 0 we have

(D = 4− 2ε):

ID
2 [1] =

γΓ

ε(1− 2ε)
(−K2)−ε,

ID
2 [pµ] = −Kµ

2
ID
2 [1],

ID
2 [a2

1] = ID
2 [a2

2] =
2− ε

2(3− 2ε)
ID
2 [1]

=
1

3
ID
2 [1] +

1

18
+ O(ε).

zhucj
图章



Deriving the rational part (IV): higher dim. scalar integral

ID+2
n [1] =

1

(n− 1−D) ∆

[
2 ID

n [1]−
∑

j

γj I
D(j)
n−1 [1]

]
Rational part arises because ID

n is divergent and the pre-

factor depends on D = 4− 2 ε.

ID+2
2 [1] =

K2

9
, ID+2

3 [1] =
1

2
, ID+2

4 [1] = ID+2
4 [ai] = 0,

ID+4
4 [1] =

1

3
× 1

2
+

1

32
× 2× 1

2
=

5

18
,

ID+2
5 [1] = ID+2

5 [ai] = ID+2
5 [ai aj] = ID+4

5 [1] = ID+4
5 [ai] = 0,

ID+6
5 [1] = =

1

4
× 5

18
+

1

42
× 2× 1

6
=

13

144
.



Deriving the rational part (V): Triangle integral

ID
3 (ε1, ε2) ≡ −

∫
dDp

iπD/2

(ε1, p) (ε2, p)

p2(p− k1)2(p + K3)2

= cut part− (K2
2 + K2

3)

2(K2
2 −K2

3)2
(ε1, k1) (ε2, k1)−

1

2
(ε1, ε2)

− ((ε1, k1)(ε2, k1) + (ε1, k1)(ε2, K2) + (ε1, K2) (ε2, k1))

2 (K2
2 −K2

3)
,

ID,R
3 (ε1, ε2) = −(ε1, K2) (ε2, k1)

2(K2
2 −K2

3)
− 1

2
(ε1, ε2), (ε1, k1) = 0,

zhucj
图章



I3(εi) ≡
∫

dDp

iπD/2

(ε1, p) (ε2, p− k1) (ε3, p)

p2 (p− k1)2 (p + K3)2

=
1

36

(
(ε2, 4 K2 − 7 k1) (ε1, ε3)− (2 ↔ 3) + 4(ε1, K2) (ε2, ε3)

)
− (K2

2 + K2
3)

6 (K2
2 −K2

3)2
(ε1, K2) (ε2, k1) (ε3, k1)

− (ε1, K2) ((ε2, k1) (ε3, K3)− (ε2, K2) (ε3, k1))

6 (K2
2 −K2

3)

− (K2
2 + K2

3)

12 (K2
2 −K2

3)
((ε1, ε2) (ε3, k1) + (ε1, ε3) (ε2, k1))

Very complicated Feynman-like rules. And indeed the 3

mass triangle is much more complicated.



zhucj
图章

zhucj
图章



Deriving the rational part (VI): 2 mass easy box integral

The basic strategy: decomposition into simple ones (equiv-

alent to tensor reduction)

For 2 mass easy box with ε1 = η1λ̃1 and ε3 = η3λ̃3, we have:

ID,R
4 (ε1, ε2, ε3, ε4) = −〈η1 1〉 〈η3 3〉

〈1 3〉2
ID,R
4 (λ3λ̃1, ε2, λ1λ̃3, ε4)

+
〈η1 3〉 〈η3 1〉
〈1 3〉2

ID,R
4 (k1, ε2, k3, ε4, )

+
〈η1 3〉
〈1 3〉

ID,R
4 (k1, ε2, ε3, ε4) +

〈η3 1〉
〈3 1〉

ID,R
4 (ε1, ε2, k3, ε4).

zhucj
图章



ID,R
4 (ε1, ε2, k3, ε4) =

K2
2 + s

6(K2
2 − s)2

(ε1, K2)(ε2, k1)(ε4, k1)

+
K2

4 + t

6(K2
4 − t)2

(ε1, K4)(ε2, k1)(ε4, k1)

+
1

12

[
K2

2 + s

K2
2 − s

+
K2

4 + t

K2
4 − t

]
((ε1, ε2)(ε4, k1) + (ε1, ε4)(ε2, k1)

+
(ε1, K2)

6(K2
2 − s)

(ε2, k1)(ε4, k3) +
(ε1, K4)

6(K2
4 − t)

(ε2, k3)(ε4, k1)

+
1

9
((ε1, ε2) ε4 + (ε1, ε4) ε2 + (ε2, ε4) ε1, k3)

where s = (k1 + K2)
2 and t = (K2 + k3)

2. Invariant under the

interchange 2 ↔ 4 (s ↔ t).



By setting ε1 = k1 we get

ID,R
4 (k1, ε2, k3, ε4)

=
1

18
(2(k1, k3)(ε2, ε4)− ((ε2, k1)(ε4, k3) + (ε2, k3)(ε4, k1))).

One more:

ID,R
4 (λ3λ̃1, ε2, λ1λ̃3, ε4) =

4

9

(
(ε2, k1)(ε4, k3) + (ε2, k3)(ε4, k1)

)
− 5

9
(k1, k3)(ε2, ε4)−

1

4

(
K2

2 + s

K2
2 − s

+
K2

4 + t

K2
4 − t

)
(ε2, k1)(ε4, k1)

− 1

4

(
K2

2 + t

K2
2 − t

+
K2

4 + s

K2
4 − s

)
(ε2, k3)(ε4, k3).



zhucj
图章



The rational part (VIII): Pentagon, hexagon and higher point

Basic method: tensor reduction

For 2+3+, ε2 = λ3λ̃2 and ε3 = λ2λ̃3, we have

(ε2, p)(ε3, p− k2)

p2(p− k2)2(p− k23)2)
+

(ε23, p)− (ε2, ε3)/2

p2(p− k23)2

= − 1

(p− k2)2
+

1/2

p2
+

1/2

(p− k23)2
.

For 2+3−4+, much more complicated.

zhucj
图章



MHV: A6(1
−2+3+4−5+6−)

Total of 51 diagrams. Can be classified into the following

10 sets. Computed them in sets.

zhucj
图章

zhucj
图章

zhucj
图章

zhucj
图章

zhucj
图章

zhucj
图章

zhucj
图章

zhucj
图章

zhucj
图章



The results for 7 sets (31 diagrams) are:

R10(1) = − 1

36
s345(ε345, ε612), R9(1) = − 1

18
s123(ε123, ε456),

R8(1) = −1

9
s12 (ε12, ε3456),

R7(1) =
1

8
s23 ((ε45, ε61) + (ε4, ε561) + (ε456, ε1))−

1

12
s23(ε4561, k2),

R1(1) = − 1

36

(
(ε1, k2) (ε4, k12) +

1

2
(ε1, k612) (ε4, k345)

+
1

4
(ε1, k123) (ε4, k456)

)
+

1

72
(4s12 − 2s345 − s123) (ε1, ε4),

R3(1) =
1

18
(ε1, k2) (ε456, k3) +

1

18
(2s12 − s123 − 3s23) (ε1, ε456),

R4(1) =
1

36
(ε45, k3) (ε61, k2) +

1

36
(2s345 − s45 − s61 − 3s23) (ε45, ε61).











NMHV: A6(1
−2−3+4−5+6+)

Some terms are:

R1 = I3m
3 (k1, ε3, ε4) + (ε4, k5) I3m

3 (k1, ε3)

− 1

2

[
Ĩ

2m(4)
3 (ε4, k1, ε3) + (s56 − s234) Ĩ

2m(4)
3 (ε4, ε3)

]
− 1

2

[
I

2m(3)
3 (ε3, ε4, k12) + s12 I

2m(3)
3 (ε3, ε4)

]
+

1

36
s34 (ε34, k12)−

1

36
((ε3, k2)(ε4, k3)− 2s23(ε3, ε4))

− 1

72
((ε3, k12)(ε4, k56) + 2s123(ε3, ε4))



R2 = −〈4 3〉[3 2](I
2mh(2)
4 (λ2λ̃1, λ6λ̃3, ε61)− I

1m(2)
4 (λ2λ̃1, λ6λ̃3, ε61))

+ 〈5 4〉[4 3] (I
1m(3)
4 (λ4λ̃1, λ6λ̃5, ε61)− I

2mh(4)
4 (λ4λ̃1, λ6λ̃5, ε61)

+ I
2m(3)
3 (λ6λ̃3, ε61, λ4λ̃1)− 〈6|k45|3] I

2m(3)
3 (λ4λ̃1, ε61)

− ((ε61, k45) +
1

2
(ε6, ε1)) I

2m(3)
3 (λ6λ̃3, λ4λ̃1)

+ Ĩ
2m(4)
3 (λ4λ̃1, λ6λ̃3, ε61) + 〈4|k23|1] Ĩ

2m(4)
3 (λ6λ̃3, ε61)

+ ((ε61, k23)−
1

2
(ε6, ε1)) Ĩ

2m(4)
3 (λ6λ̃3, λ4λ̃1)

− I3m
3 (λ4λ̃1, ε61, λ6λ̃3)− ((ε61, k23)−

1

2
(ε6, ε1)) I3m

3 (λ4λ̃1, λ6λ̃3)

+
7

18
s34(ε̃34, ε61) +

1

4
〈6 4〉 [1 3] (ε61, k3 − k4)



(Compact) formula for rational part of tensor

box integral – 3m and 4m cases

ID
4,m =

∫
dDp

i πD/2

∏m
i=1(εi, p)

p2(p + K1)2(p + K2)2(p + K3)2

K1,2,3 and K ≡ εµνρσ Kν
1 Kρ

2Kσ
3 . detKi ·Kj ∝ K2.

Expanding εi in terms of Ki and K:

εi =
3∑

j=1

aij Kj + ciK

(Ki, p) = (p + Ki)
2 − p2 −K2

i



An example: linear box integral

ID
4,1 =

∫
dDp

i πD/2

(ε, p)

p2(p + K1)2(p + K2)2(p + K3)2

→
(
−

3∑
i=1

aiK
2
i

)
ID
4 [1] +

3∑
i=1

ai I
D(i)
3 [1]− (a1 + a2 + a3) I

D(0)
3 [1]

We note:

−
3∑

i=1

aiK
2
i =

1

2
((ε, p+) + (ε, p−))

with p2 = 0 and (p + Ki)
2 = 0. (K, p+) = −(K, p−)

(Quadruple cuts to compute box coefficients: BCF, hep-

th/0412103).



∫
dDp

i πD/2

(K, p)2

p2(p + K1)2(p + K2)2(p + K3)2

= −1

2
K2 ID+2

4 [1] → 0.

∫
dDp

i πD/2

(K, p)4

p2(p + K1)2(p + K2)2(p + K3)2

=
3

4
(K2)2 ID+4

4 [1] → 3

4
× 5

18
(K2)2.



Compact formula for triangle integral?

ID
3,m =

∫
dDp

i πD/2

∏m
i=1(εi, p)

p2(p + K1)2(p + K2)2

Expanding εi in terms of:

K1, K2, l, l̄,

(Ki, l) = 0, l2 = 0, l = λ µ̄,

(Ki, l̄) = 0, l̄2 = 0, l̄ = µ λ̄.



An example: linear triangle integral

ID
3,1 = −(a1K

2
1 + a2K

2
2) ID

3 [1]− (a1 + a2) I
D(0)
2 [1]

+a1 I
D(1)
2 [1] + a2 I

D(2)
2 [1],

by expanding ε = a1K1 + a2K2 + c̄ l + cl̄.

See recent paper: G. Ossola, C. Papadopoulos and R. Pit-

tau, hep-ph/0609007, eq. (2.4).



Prospects

• Seems feasible for n = 7, 6, · · · : both cut-part (triangle

and bubble coefficients) and rational part

– high-point tensor integrals: direct reduction by in-

serting “spinor-string” (BDK 98) and keeping only

n, n− 1, n− 2 and n− 3 tensors (BDDK theorem)

– box and triangle integrals: red. by expanding εi.

(See also: Binoth et. al., hep-th/0609054)

• Attacking the wish lists.

• Not selling any software but recommend my students

(Zhi-Guang Xiao, a post-doctoral now).

zhucj
文本框
5. 展望
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What needs to be done at NLO?

Experimenters to theorists: “Please calculate the following at NLO”

Theorists to experimenters:

“In your dreams”



  

More Realistic Experimenter’s Wish List
Les Houches 2005

Bold action is required even for this
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